Genus two Heegaard splittings of exteriors of 1-genus 1-bridge knots by Goda, Hiroshi & Hayashi, Chuichiro
ar
X
iv
:1
00
9.
21
34
v1
  [
ma
th.
GT
]  
11
 Se
p 2
01
0
GENUS TWO HEEGAARD SPLITTINGS OF EXTERIORS OF
1-GENUS 1-BRIDGE KNOTS
HIROSHI GODA AND CHUICHIRO HAYASHI
Abstract. A knot K in a closed connected orientable 3-manifold M is called a 1-genus
1-bridge knot if (M,K) has a splitting into two pairs of a solid torus Vi (i = 1, 2) and a
boundary parallel arc in it. The splitting induces a genus two Heegaard splitting of the
exterior of K naturally, i.e., K has an unknotting tunnel. However the converse is not true
in general. Then we study such general case in this paper. One of the conclusions is that
the unknotting tunnel may be levelled with the torus ∂V1 = ∂V2.
1. Introduction
A properly embedded arc t in a solid torus V is called trivial if it is boundary parallel,
that is, there is a disk C embedded in V such that t ⊂ ∂C and C ∩ ∂V = cl (∂C − t).
We call such a disk a canceling disk of the trivial arc t. In this paper, we denote by M
a closed connected orientable 3-manifold. Let K be a knot in M . We call K a 1-genus
1-bridge knot in M if M is a union of two solid tori V1 and V2 glued along their boundary
tori ∂V1 and ∂V2 and if K intersects each solid torus Vi in a trivial arc ti for i = 1 and 2.
The splitting (M,K) = (V1, t1) ∪H1 (V2, t2) is called a 1-genus 1-bridge splitting of (M,K),
where H1 = V1 ∩ V2 = ∂V1 = ∂V2, the torus. We call also the splitting torus H1 a 1-genus
1-bridge splitting. We say (1, 1)-knots and (1, 1)-splitting for short.
It is well-known that all torus knots and 2-bridge knots in the 3-sphere S3 are 1-genus
1-bridge knots. (1, 1)-splittings of these knots are studied by K. Morimoto [19], and T.
Kobayashi - O. Saeki [17]. In [11], the second author studied (1, 1)-splittings of 1-genus
1-bridge knots.
We recall the definition of a (2, 0)-splitting. Let W be a handlebody, and K a knot in
intW . We say K is a core in W if there are a disk D and an annulus A such that D
is properly embedded in W and intersects K transversely in a single point and that A is
embedded inW with K ⊂ ∂A and A∩∂W = ∂A−K. We say that the pair (M,K) admits a
(2, 0)-splitting ifM is a union of two handlebodies of genus two, sayW1 andW2, glued along
∂W1 and ∂W2 and if K forms a core inW1. The closed surface H2 = ∂W1 = ∂W2 = W1∩W2
gives the splitting (M,K) = (W1, K) ∪H2 (W2, ∅) and is called a (2, 0)-splitting surface or
a (2, 0)-splitting for short. It is easy to see that cl (W1 − N(K)) is a compression body
homeomorphic to a union of (a torus)×[0, 1] and a 1-handle which has attaching disks in (a
torus)×{1}. Hence H2 = ∂W1 = ∂W2 gives a genus two Heegaard splitting of the exterior
of K.
A (1, 1)-knot admits a (2, 0)-splitting as follows. Let (M,K) = (V1, t1) ∪H1 (V2, t2) be a
(1, 1)-splitting. We take a regular neighborhood N(t2) of the arc t2 in V2. Then (M,K) =
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(V1 ∪N(t2), K)∪ (cl (V2−N(t2)), ∅) is a (2, 0)-splitting. If we take a regular neighborhood
N(t1) of the arc t1 in W1, then (M,K) = (V2 ∪ N(t1), K) ∪ (cl (V1 − N(t1)), ∅) is another
(2, 0)-splitting. These are (2, 0)-splittings naturally derived from the (1, 1)-splitting. Such
(2, 0)-splittings are characterized in the following manner. A (2, 0)-splitting (M,K) =
(W1, K)∪H (W2, ∅) is meridionally stabilized if there is a disk Di properly embedded in Wi
for i = 1 and 2 such that ∂D1 and ∂D2 intersect each other transversely in a single point in
H = ∂W1 = ∂W2 and that D1 intersects K transversely in a single point. A (2, 0)-splitting
(M,K) = (Vi ∪ N(tj), K) ∪ (cl (Vj − N(tj)), ∅), which is derived from a (1, 1)-splitting
(M,K) = (V1, t1) ∪ (V2, t2), is meridionally stabilized since we can take the disk D1 to be
a meridian disk of the arc tj in N(tj), and the disk D2 to be a canceling disk of the arc tj.
Conversely, we can obtain a (1, 1)-splitting torus by compressing the meridionally stabilized
(2, 0)-splitting surface along D1.
Here is a question: Is any (2, 0)-splitting of a (1, 1)-knot meridionally stabilized ? It was
pointed out by K. Morimoto that every torus knot has only a single isotopy class of (1, 1)-
splitting torus, which is an easy corollary of Theorem 3 in [19] and the uniqueness of genus
one Heegaard splitting (see [1], [2] and [23]). If all the (2, 0)-splitting were meridionally
stabilized for some torus knot, then the torus knot exterior would have at most two genus
two Heegaard splittings derived from the unique (1, 1)-splitting. However, there is a torus
knot such that its exterior has three genus two Heegaard splittings as shown in [3] by Z.
Boileau, M. Rost and H. Zieschang. Hence such a torus knot has a (2, 0)-splitting which
is not meridionally stabilized. (This (2, 0)-splitting is derived from the unknotting tunnel
such that it can be isotoped into the torus on which the torus knot lies.)
Let W be a handlebody of genus two, and K a core in W . A graph γ embedded in intW
is called a spine of (W,K) if γ ∩K = ∂γ and W collapses to K ∪ γ. (∂γ denotes the union
of the vertices of valency one in γ.) An essential loop l in the boundary of a handlebody W
is called a meridian if it bounds a disk inW . A loop l′ in the boundary of a handlebody W ′
is called a longitude if there is a meridian loop of W ′ such that it intersects l′ transversely
in a single point.
We say that a (1, 1)-splitting (M,K) = (V1, t1) ∪H1 (V2, t2) admits a satellite diagram if
there is an essential simple loop l on the torus H1 such that the arcs t1 and t2 have canceling
disks which are disjoint from l. We call l the slope of the satellite diagram. We say that
the slope of the satellite diagram is meridional (resp. longitudinal) if it is meridional (resp.
longitudinal) on ∂V1 or ∂V2.
Theorem 1.1. Let K be a knot in the 3-sphere S3. Suppose that there are given a (1, 1)-
splitting (S3, K) = (V1, t1)∪H1 (V2, t2) and a (2, 0)-splitting (S
3, K) = (W1, K)∪H2 (W2, ∅).
Then at least one of the following conditions holds.
(1) The (2, 0)-splitting H2 is meridionally stabilized.
(2) There is an arc γ which forms a spine of (W1, K) and is isotopic into the torus H1.
Moreover, we can take γ so that there is a canceling disk Ci of the arc ti in (Vi, ti)
with ∂Ci ∩ γ = ∂γ = ∂ti for i = 1 or 2.
(3) There is an essential separating disk D2 in W2, and an arc α in W1 such that α∩K
is one of the endpoints ∂α, and α ∩ ∂W1 is the other endpoint p of α and that D2
cuts off a solid tours U1 from W2 with p ∈ ∂U1 and with the torus ∂N(U1 ∪ α)
isotopic to H1 in (M,K). (See Figure 1.)
(4) The (1, 1)-splitting H1 admits a satellite diagram of a longitudinal slope.
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Figure 1.
Note that the conclusion (2) contains torus knots, and K ′ = γ ∪ ti forms a torus knot
and the complementary arc tj = cl (K − ti) forms an unknotting tunnel for K
′ when ti
is isotoped into the (1, 1)-splitting torus H1 along the canceling disk Ci. But we cannot
apply the classification of unknotting tunnel of torus knot given in [3] because we cannot
slide an endpoint of the arc tj beyond the other endpoint of tj . H.J. Song informed us that
there are concrete examples of hyperbolic knots and their unknotting tunnels satisfying
the conclusion (2). See Section 10. The conclusion (3) resembles the ‘dual tunnel’ case as
described in ([20],(1,1)), but the arc α may be knotted or linked with K. A knot in the
conclusion (4) can be obtained from a component of a 2-bridge link by a 1/n-Dehn surgery
on the other component, that is, twisting.
It is shown in Theorem III in [10] that a 1-genus 1-bridge splitting of a satellite knot
has a satellite diagram of a non-meridional and non-longitudinal slope. When the slope l
is longitudinal on ∂V1, the boundary torus of the regular neighborhood of (H1−N(l))∪C2
also gives a (1, 1)-splitting, where C2 is a canceling disk of t2 with C2 ∩ l = ∅.
Question. (1) Is there an example which realizes the conclusion (3) ?
(2) How does an unknotting tunnel of a knot in the conclusion (4) behave ?
We note that every unknotting tunnel of a tunnel number one knot in S3 may be slid
and isotoped to lie entirely in its minimal bridge sphere [8].
In the rest of this section, we recall the main machinery and give a more precise statement
of the above result for knots in the 3-sphere and lens spaces.
In [23], H. Rubinstein and M. Scharlemann showed that two Heegaard splitting surfaces
of a closed connected orientable 3-manifold can be isotoped so that they intersect each other
in non-empty collection of essential loops if they are not weakly reducible. T. Kobayashi
and O. Saeki studied in [17] a variation of it, where 3-manifolds contain links. We recall
one of their results.
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Let X be a compact orientable 3-manifold, and T a compact 1-manifold properly em-
bedded in X . For i = 1 and 2, let Fi be either a 2-submanifold of ∂X or a compact
orientable 2-manifold which is properly embedded in X and is transverse to T . Suppose
that T ∩ ∂Fi = ∅ for i = 1 and 2. F1 is said to be T -compressible in (X, T ) if there is a
disk D1 embedded in X such that D1 ∩ F1 = ∂D1, that D1 is disjoint from T and that
∂D1 does not bound a disk in F1− T . We call such a disk a T -compressing disk. F2 is said
to be meridionally compressible in (X, T ) if there is a disk D2 embedded in X such that
D2 ∩ F2 = ∂D2, that D2 intersects T transversely in a single point and that ∂D2 does not
bound a disk which intersects T in a single point in F2. We call such a disk a meridionally
compressing disk.
A (1, 1)-splitting (M,K) = (V1, t1)∪H (V2, t2) is called weakly K-reducible if there is a ti-
compressing or meridionally compressing disk Di of H = ∂Vi in (Vi, ti) for i = 1 and 2 such
that ∂D1∩∂D2 = ∅. A (1, 1)-splitting is called strongly K-irreducible if it is not weakly K-
reducible. (1, 1)-knots which admit a weakly K-reducible (1, 1)-splitting are characterized
in Lemma 3.2 in [11]. We recall it in Proposition 4.3 in Section 4.
A (2, 0)-splitting (M,K) = (W1, K) ∪H2 (W2, ∅) is called weakly K-reducible if there is
a K-compressing or meridionally compressing disk D1 of H2 = ∂W1 in (W1, K) and a
compressing disk D2 of H2 = ∂W2 in W2 such that ∂D1 ∩ ∂D2 = ∅. (2, 0)-knots which
admit a weakly K-reducible (2, 0)-splitting are characterized in Proposition 2.14 in [7].
We recall it in Proposition 4.7 in Section 4. There we find that a meridionally stabilized
(2, 0)-splitting is weakly K-reducible.
Suppose that a compact orientable 2-manifold F is properly embedded in X so that it is
transverse to T and ∂F is disjoint from T . A loop in F − T is called T -inessential if either
it bounds a disk in F − T , or it bounds a disk D in F such that D intersects T in a single
point. Otherwise, it is T -essential.
Theorem 1.2 (T.Kobayashi and O.Saeki [17]). Suppose that L is a link in M that has a 2-
fold branched covering with branch set L. Let (M,L) = (Wi1, ti1)∪Hi (Wi2, ti2) be a gi-genus
ni-bridge splitting for i = 1 and 2. Suppose that every component of L intersects Hi for
i = 1 and 2, and that these splittings are not weakly L-reducible. Then we can isotope H1
or H2 in (M,L) so that they intersect each other in non-empty collection of finite number
of loops which are L-essential both in H1 and in H2.
We do not recall the definition of gi-genus ni-bridge splittings, but 1-genus 1-bridge
splittings are special cases of them. The above theorem does not work for (2, 0)-splittings
because the knot does not intersect the splitting surface. But a similar argument to the proof
of the above theorem works for a pair of a (1, 1)-splitting and a (2, 0)-splitting. However,
the above theorem contains a technical condition on existence of 2-fold branched covering.
For example, the projective space RP 3, which is homeomorphic to the lens space L(2, 1),
does not have a 2-fold branched covering with a core knot being a branch set, where the
exterior of a core knot is homeomorphic to a solid torus. Of course, the 3-sphere S3 has a
2-fold branched covering with any knot being a branch set.
Question. Can we reduce the condition thatM has a 2-fold branched covering with branch
set L in the above theorem ?
In this paper, we begin with the situation that a (1, 1)-splitting and a (2, 0)-splitting
intersect each other in non-empty collection of finite number of K-essential loops. We
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will also use this condition when we apply Proposition 4.10. The authors expect that this
proposition, and hence the following theorems hold without this technical condition.
We say that K is a torus knot if K can be isotoped into a torus which gives a genus one
Heegaard splitting of M . We call K a satellite knot if the exterior E(K) = cl (M −N(K))
contains an incompressible torus T which is not parallel to ∂E(K). The torus T may not
bound a solid torus in M .
Theorem 1.3. Let M be the 3-sphere or a lens space (other than S2×S1), and K a knot in
M . Let (V1, t1) ∪H1 (V2, t2) and (W1, K) ∪H2 (W2, ∅) be a (1, 1)-splitting and (2, 0)-splitting
of (M,K). Suppose that the splitting surfaces H1 and H2 intersect each other in ℓ loops
which are K-essential both in H1 and in H2.
(1) If ℓ ≥ 4, then at least one of the five conditions (a), (b), (c), (d) and (e) below holds.
(2) If ℓ = 3, then at least one of the six conditions (a), (b), (c), (d), (e) and (f) below
holds.
(3) We assume that M has a 2-fold branched cover with branch set K.
(3-1) If ℓ = 2, then at least one of the six conditions (a), (c), (d), (e), (f) and (h)
below holds.
(3-2) If ℓ = 1, then at least one of the conditions (c), (d) and (g) below holds.
(a) We can isotope H1 and H2 in (M,K) so that they intersect each other in non-empty
collection of smaller number of loops which are K-essential both in H1 and in H2.
(b) The (1, 1)-splitting H1 is weakly K-reducible.
(c) The (2, 0)-splitting H2 is weakly K-reducible.
(d) The knot K is a torus knot.
(e) The knot K is a satellite knot.
(f) The (1, 1)-splitting H1 admits a satellite diagram of a longitudinal slope.
(g) There is an arc γ which forms a spine of (W1, K) and is isotopic into the torus H1.
Moreover, we can take γ so that there is a canceling disk Ci of the arc ti in (Vi, ti)
with ∂Ci ∩ γ = ∂γ = ∂ti for i = 1 or 2.
(h) There is an essential separating disk D2 in W2, and an arc α in W1 such that α∩K
is one of the endpoints ∂α, and α∩ ∂W1 is the other endpoint, say p, of α and that
D2 cuts off a solid tours U1 from W2 with p ∈ ∂U1 and with the torus ∂N(U1 ∪ α)
isotopic to the (1, 1)-splitting torus H1 in (M,K). (See Figure 1.)
If the case (b) or (c) occurs, the knot is in a well-studied class or H2 becomes meridionally
stabilized by Proposition 4.3, 4.6 and 4.7. (1) in this theorem will be proved in Sections 5,
7 and 8. Section 6 is devoted to prove the case (2). (3-2) will be proved in Section 9 which
can be read without reading Sections 5 through 8. The conclusion (h) corresponding to (3)
in Theorem 1.1 appears in only (3-1), which will be studied in the sequel to this paper [6].
See also Theorem 1.1 in [6].
Theorem 1.1 is shown via Theorem 1.3, Propositions 4.3 and 4.7 together with the results
in [3], [15]. [20], [22], and [24]. A (2, 0)-splitting for a torus knot in S3 satisfies conclusion
(1) or (2) of Theorem 1.1, and conclusion (1) holds for that for a satellite knot or a 2-bridge
knot. A knot with a (1, 1)-splitting in S3 is prime by [22] and [24].
We should note that almost all parts of this paper were written in 2001. We were
motivated to finish writing by the works of S. Cho-D. McCullough [4, 5], K. Ishihara [12],
J. Johnson [13], Y. Koda [18], and M. Scharlemann-M. Tomova [25].
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2. Surfaces in a solid torus with a trivial arc
Throughout this section, we study properties of surfaces in a solid torus V with a trivial
arc t properly embedded in V . Standard cut and paste arguments show the next two
lemmas. We omit the proofs.
Lemma 2.1. If D is a t-compressing disk of ∂V , then either
(1) D is a meridian disk of V and is disjoint from t, or
(2) D is a ∂-parallel disk which separates V into a solid torus and a 3-ball containing t
(see Figure 2).
Figure 2.
Lemma 2.2. If D is a meridionally compressing disk of ∂V , then D is a meridian disk in
V and intersects t transversely at a single point (see Figure 3).
Figure 3.
Definition 2.3. (T -∂-compressible) Let X be an orientable 3-manifold, and T a compact
1-manifold properly embedded in X . Let F be a compact orientable 2-manifold properly
embedded in X . Suppose that ∂F is disjoint from T and that T is transverse to F . We
say that F is T -∂-compressible in (X, T ) if there is a disk D embedded in X satisfying all
of the following conditions:
(1) D is disjoint from T ;
(2) D ∩ (F ∪ ∂X) = ∂D;
(3) D ∩ F is an essential arc properly embedded in F − T ;
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(4) ∂D ∩ ∂X is an essential arc in the surface obtained from ∂X − T by cutting along
∂F .
We call such a disk D a T -∂-compressing disk of F . When there is not such a disk, we say
that F is T -∂-incompressible in (X, T ).
Remark. In the usual definition, the above condition (4) is omitted, but we add this in
this paper as in [7] and [11]. Note that this definition is equivalent to the usual one when
F is T -incompressible.
Lemma 2.4 (Lemma 2.10 in [11]). Let F be a compact orientable 2-manifold properly
embedded in V so that F is transverse to t. Suppose that F is t-incompressible and t-∂-
incompressible in (V, t). Then F is a union of finitely many surfaces of types (1) ∼ (6)
below:
(1) a 2-sphere disjoint from t;
(2) a 2-sphere intersecting t transversely in two points;
(3) a meridian disk of V disjoint from t;
(4) a meridian disk of V intersecting t transversely in a single point;
(5) a peripheral disk disjoint from t;
(6) a peripheral disk intersecting t transversely in a single point.
Lemma 2.5. Let A be an annulus properly embedded in (V, t) such that a component of
∂A is essential in ∂V (ignoring ∂t) and the other component of ∂A bounds a disk Q in ∂V .
Suppose that the annulus A is disjoint from t and that Q contains the two endpoints of t.
Then A is t-compressible.
Proof. By Lemma 2.4, A is t-compressible or t-∂-compressible in (V, t). In the latter case, a
t-∂-compression on A yields a meridian disk D of V . D is disjoint from A after an adequate
small isotopy. Then ∂D and a component of ∂A cobounds on ∂V an annulus, say R, which
does not contain Q. Then D ∪ R gives a t-compressing disk of A. 
Lemma 2.6. Let P be a disk with two holes properly embedded in V so that P is disjoint
from t. Suppose that every component of ∂P is t-essential in ∂V . Then, either
(1) P is t-compressible or meridionally compressible in (V, t), or
(2) there exists a t-∂-compressing disk D of P in (V, t) such that the arc ∂D∩P connects
two distinct components of ∂P and that every component of ∂P ′ is t-essential in ∂V ,
where P ′ is the annulus obtained from P by t-∂-compression along D.
Moreover, if each component of the loops ∂P is essential in ∂V (ignoring the endpoints ∂t),
then P is t-compressible or meridionally compressible in (V, t).
Proof. By Lemma 2.4, P is t-compressible or t-∂-compressible in (V, t). In the latter case,
let Q be a t-∂-compressing disk of P in (V, t). Set β = ∂Q ∩ ∂V . We have five cases:
(i) β is in an annulus component A of ∂V − ∂P such that A contains at most one of the
endpoints ∂t; (ii) β is in an annulus component A′ of ∂V − ∂P such that A′ contains the
two endpoints ∂t; (iii) β is in a disk component R of ∂V −∂P such that R contains the two
endpoints ∂t; (iv) β is in a torus with 1-hole component U of ∂V − ∂P with U ∩ ∂t = ∅;
and (v) β is in a disk with 2-holes component Z of ∂V − ∂P with Z ∩ ∂t = ∅. Note that
(i) or (ii) occurs when each component of ∂P is essential in ∂V (ignoring ∂t).
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Cases (i) and (iii). ‘∂-compression’ on a copy of A or R along Q yields a t-compressing
disk or meridionally compressing disk of P . Hence we obtain the conclusion (1). Note that
β separates R into two disks each of which intersects t at a single point by Definition 2.3.
Case (ii). The three boundary loops of ∂P are essential in ∂V (ignoring ∂t). If β is
essential in A′ (ignoring ∂t), then the annulus obtained from P by t-∂-compression along
Q is t-compressible by Lemma 2.5. Hence P is also t-compressible, and we obtain the
conclusion (1). Thus we can assume that β is inessential in A′ and cuts off a disk from A′.
This disk contains one or two endpoints ∂t by the condition (4) in Definition 2.3. In the
former case, we obtain a meridionally compressing disk of P by ‘∂-compression’ on a copy
of A′ along Q. In the latter case, ∂-compression on P along Q yields two annuli, one of
which has a boundary component inessential in ∂V ignoring ∂t, and is t-compressible by
Lemma 2.5. This implies that P is t-compressible.
Case (iv). Every component of ∂P is inessential in ∂V . Performing ∂-compression on P
along Q, we obtain two annuli as in Lemma 2.5. The conclusion (1) follows.
Figure 4.
Case (v). If β connects two distinct components of ∂P , then we can obtain an annulus P ′
from P by t-∂-compression along Q such that ∂P ′ is t-essential in ∂V . This is the conclusion
(2). Hence we can assume that β has its endpoints in the same component, say ℓ, of ∂P .
See Figure 4. t-∂-compression on P along Q deforms P into two annuli A1 and A2, and ℓ
into two loops, one of which, say ℓ1, is in ∂A1 and the other, say ℓ2 in ∂A2. Let β
′ be a
‘dual’ arc of t-∂-compression along Q. Precisely, P is a union of A1 and A2 and a tubular
neighborhood of β ′ in ∂V with its interior slightly isotoped into int V . We say that P is
obtained from A1 and A1 by a band sum along β
′. If A1 ∪ A2 is t-compressible, then so is
P , and we have the conclusion (1). Hence, by Lemma 2.4, we can assume that A1 ∪A2 has
a t-∂-compressing disk D. The arc ∂D ∩ ∂V connects two distinct components of ∂A1 or
∂A2. Hence ∂D ∩ ∂V is not in the component of ∂V − (∂A1 ∪ ∂A2) which contains the two
points ∂t. We can isotope D so that it is disjoint from β ′ since ∂D∩∂V is in an annulus or
disk with two holes component of ∂V − (∂A1 ∪ ∂A2). Then D gives a t-∂-compressing disk
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of P after a band sum along β ′. Since the arc ∂D ∩ ∂V connects two distinct boundary
components of ∂A1 or ∂A2, it connects two distinct boundary components of ∂P . Applying
the arguments on Q in this proof of the lemma toD, we obtain the conclusion (1) or (2). 
Lemma 2.7. Let P be a disk with two holes properly embedded in V so that P is disjoint
from t. Suppose that ∂P is t-essential in ∂V , and that P is t-incompressible and meridion-
ally compressible in (V, t). Then a component of ∂P bounds a meridian disk D in V such
that D intersects t transversely in a single point and that D ∩ P = ∂D. Moreover, another
component of ∂P bounds a meridian disk D′ in V such that D′ intersects t transversely in
a single point and that intD′ is disjoint from P or intersects P in a single loop.
Proof. We obtain a disk R and an annulus A from P by meridionally compression on P .
Each of R and A intersects t transversely in a single point. Since ∂R is t-essential in ∂V ,
R is a meridian disk of V . Then a small isotopy moves R so that R ∩ P = ∂R ⊂ ∂P .
Suppose first that ∂R and a component of ∂A cobounds an annulus, say A′, in ∂V − ∂t.
Then R∪A′ gives a disk properly embedded in V and intersecting t in a single point when
it is pushed into intV with its boundary fixed. Note that the interior of this disk intersects
P in at most one loop, since we can recover P from R ∪ A by tubing along a subarc of t.
If such an annulus A′ does not exist, then the loops ∂(R∪A) divide ∂V into three annuli,
two of them intersect ∂R, and each of these two annuli contains a point of ∂t. Hence the
other annulus and A form a torus intersecting t in a single point, a contradiction. 
Lemma 2.8. Let P be a disk with two or three holes properly embedded in V so that P is
disjoint from t. Suppose that P is t-incompressible and t-∂-compressible in (V, t). Let P ′
be a surface obtained from P by t-∂-compression. If a component of ∂P ′ is t-inessential in
∂V , then one of the following occurs.
(1) A component of ∂P bounds a disk D in V such that D intersects t transversely in
a single point and that D ∩ P = ∂D.
(2) P is meridionally compressible in (V, t) and every component of ∂P is essential in
∂V (ignoring the endpoints ∂t).
Proof. Let Q be a t-∂-compressing disk of P , and P ′ the surface obtained by t-∂-compressing
P along Q. Since ∂P ′ is t-inessential in ∂V , a component of ∂P ′ bounds in ∂V a disk
which is disjoint from t or contains precisely one endpoint of ∂t. In the former case, P ′
is t-compressible, and hence P is also t-compressible in (V, t) before the t-∂-compressing
operation. This contradicts our assumption. We consider the latter case. Then P ′ is merid-
ionally compressible, and P is also meridionally compressible in (V, t). If ∂P is essential in
∂V , then we obtain the conclusion (2). Hence we may assume that ∂P has a component
which is inessential in ∂V and bounds a disk E in ∂V with (intE ∩ P = ∅). Since P is
t-incompressible, E contains one or two endpoints of ∂t. In the former case, we obtain the
conclusion (1) immediately. We consider the latter case. In the course of ∂-compression
on P along Q, the boundary loop ∂E must be changed into two loops, and each of them
bounds a disk which contains precisely one endpoint of ∂t. The arc ∂Q ∩ ∂V has its two
endpoints in a single component of ∂P . Hence P ′ has an annulus component A. Then a
component of ∂A bounds a disk E ′ in ∂V such that E ′ contains precisely one endpoint of
∂t. The disk A ∪ E ′ is bounded by a loop of ∂P , and we can isotope the interior of this
disk slightly off of P . Thus we obtain the conclusion (1). 
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Lemma 2.9. Let P be a disk with three holes properly embedded in V so that P is disjoint
from t. If every component of ∂P is t-essential in ∂V , and if P is t-incompressible and
t-∂-compressible in (V, t), then one of the following occurs.
(1) A component of ∂P bounds a disk D in V such that D intersects t transversely in a
single point, and that intD is disjoint from P or intersects P in at most two loops.
(2) There exists a t-∂-compressing disk Q of P in (V, t) such that ∂Q ∩ P connects
distinct components of ∂P and that ∂P ′ is t-essential in ∂V where P ′ is obtained
from P by ∂-compression along Q.
(3) P is meridionally compressible in (V, t) and every component of ∂P is essential in
∂V (ignoring the endpoints ∂t).
Proof. Let Q be a t-∂-compressing disk of P , and P ′ the surface obtained from P by ∂-
compression on P along Q. If a component of ∂P ′ is t-inessential in ∂V , we obtain the
conclusion (1) or (3) by Lemma 2.8. Hence we may assume that ∂P ′ is t-essential in ∂V .
Set α = ∂Q∩P , and β = ∂Q∩∂V . If α connects distinct components of ∂P , we obtain the
conclusion (2) in this lemma. So we may assume that α has both endpoints in the same
component of ∂P . Then P ′ is a union of an annulus A and a disk with two holes S.
By Lemma 2.6, either (1) S is t-compressible or meridionally compressible in (V, t), or
(2) there exists a t-∂-compressing disk E of S in (V, t) such that the arc ∂E ∩ S connects
two distinct components of ∂S.
Case (1). Since S is t-compressible or meridionally compressible in (V, t), so is A ∪ S.
If A ∪ S is t-compressible, then P is also t-compressible. This contradicts the assumption.
Thus we may suppose that A∪S is t-incompressible and meridionally compressible in (V, t).
If the meridionally compressing disk is incident to A, then every component of ∂A bounds
a disk which intersects t in a single point. Since one component of ∂A is a component of
∂P , we obtain the conclusion (1). If the meridionally compressing disk is incident to S, the
conclusion (1) follows by Lemma 2.7.
Case (2). We can retake E so that it is a t-∂-compressing disk of A ∪ S with the arc
∂E∩∂V connecting distinct components of ∂A or ∂S. (Since P is t-incompressible, so is A.
Hence we can retake E so that E ∩A has no loop component. Further, E can be deformed
so that every arc of A ∩ E is essential in A because the arc ∂E ∩ ∂V connects distinct
components of ∂S. When E ∩A 6= ∅, we retake E to be an outermost disk in original E so
that it is disjoint from S.) Let δ be a ‘dual’ arc of t-∂-compression along Q. P is recovered
from A ∪ S by a band sum along δ. See Figure 5.
Figure 5.
Suppose that δ∩E = ∅. Then E forms a t-∂-compressing disk of P . Let P˜ be the surface
obtained from P by t-∂-compression along E. If ∂P˜ is t-essential in ∂V , we obtain the
conclusion (2). If not, we have the conclusion (1) or (3) by Lemma 2.8.
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Hence we can finally assume that δ ∩ E 6= ∅.
Claim. Among the closures of the components of ∂V − ∂P ′, let U be the surface which
contains the arc δ. Then U is a disk with two holes.
Proof. By the definition of δ, one point of ∂δ is in a component of ∂A and the other is in
∂S. On the other hand, the arc ∂E ∩ ∂V connects either two boundary components of A
or those of S. Hence U has at least three boundary components. Recall that the loops ∂P ′
are t-essential in ∂V as shown at the first step of this proof of lemma. Hence U is a disk
with two holes. 
By this claim, we can move δ by an isotopy so that δ ∩ E = ∅. Then this case comes to
the previous case. 
3. Surfaces in a handlebody of genus two with a core
We recall a lemma on ‘essential’ surfaces in a pair of a handlebody of genus two and a
core in it.
Lemma 3.1 (Lemma 3.10 in [7]). Let W be a handlebody of genus two, and K a core
loop in W . Let F be a compact orientable 2-manifold properly embedded in W so that F is
transverse to K. Suppose that F is K-incompressible and K-∂-incompressible. Then F is
a disjoint union of finitely many surfaces as below:
(1) a 2-sphere disjoint from K;
(2) a 2-sphere which bounds a trivial 1-string tangle in (W,K);
(3) an essential disk of W disjoint from K;
(4) an essential disk of W intersecting K transversely in a single point;
(5) a torus bounding a solid torus which forms a regular neighborhood of K in W .
4. Weakly K-reducible splittings
We recall some results on K-reducible and weakly K-reducible splittings in this section.
Definition 4.1. A (1, 1)-splitting (M,K) = (V1, t1)∪H1 (V2, t2) is called K-reducible if there
areK-compressing disksD1 andD2 ofH1 in V1 and V2 respectively such that ∂D1∩∂D2 = ∅.
Definition 4.2. A knot K in M is called a core knot if its exterior is a solid torus.
Note that a knot in the 3-sphere is a core knot if and only if it is the trivial knot.
Proposition 4.3 (Lemma 3.2 in [11]). Let M be the 3-sphere or a lens space other than
S2× S1, and K a knot in M . Let (M,K) = (V1, t1)∪H1 (V2, t2) be a (1, 1)-splitting. If it is
weakly K-reducible, then one of the following occurs:
(1) K is a trivial knot;
(2) K is a core knot in a lens space;
(3) K is a 2-bridge knot in the 3-sphere;
(4) K is a connected sum of a core knot in a lens space and 2-bridge knot in the 3-sphere.
When the (1, 1)-splitting H1 is K-reducible, K is trivial.
Definition 4.4. A (2, 0)-splitting (M,K) = (W1, K) ∪H2 (W2, ∅) is called K-reducible if
there are a K-compressing disk D1 of H2 in (W1, K) and an essential disk D2 in W2 such
that ∂D1 = ∂D2 in H2.
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Definition 4.5. A knot K in M is called a split knot if its exterior cl(M − N(K)) is
reducible. A knot K is called composite if there is a 2-sphere S embedded in M such that
S is separating in M , that S intersects K transversely in precisely two points and that the
annulus S ∩ E(K) is incompressible and ∂-incompressible in E(K).
Proposition 4.6 (Proposition 2.9 in [7]). A (2, 0)-splitting (M,K) = (W1, K) ∪H2 (W2, ∅)
is K-reducible if and only if K is either a core knot or a split knot.
Proposition 4.7 (Proposition 2.14 in [7]). A (2, 0)-splitting (M,K) = (W1, K)∪H2 (W2, ∅)
is weakly K-reducible if and only if one of the following occurs:
(1) the (2, 0)-splitting H2 is K-reducible;
(2) the (2, 0)-splitting H2 is meridionally stabilized; or
(3) K is a composite knot.
Lemma 4.8. If a (1, 1)-splitting H1 admits a satellite diagram, one of the following holds:
(1) the knot K is the trivial knot;
(2) the knot K is the torus knot;
(3) the knot K is a satellite knot;
(4) the (1, 1)-splitting H1 admits a satellite diagram of a longitudinal slope.
This lemma is the correction and detailed account of the two sentences right before
Theorem 1.2 in [11].
Proof. There are an essential loop ℓ in H1 and a canceling disk Ci of ti in (Vi, ti) such that
the arc γi = ∂Ci ∩H1 is disjoint from ℓ for i = 1 and 2.
If ℓ is meridional on ∂V1 or ∂V2, say ∂V1, then ℓ bounds a meridian disk R of V1 such
that R is disjoint from C1. Doing surgery H1 along R, we obtain a 2-sphere on which K
has a 1-bridge diagram. This implies that K is trivial.
Hence, it is enough to show that the conclusion (1), (2) or (3) holds when ℓ is non-
meridional and non-longitudinal both on ∂V1 and on ∂V2. Let N(ℓ) be a very thin neigh-
borhood of ℓ in H1, and A =cl (H1 − N(ℓ)) the complementary annulus. Then a regular
neighborhood X of A∪C1 ∪C2 is a solid torus, and we denote its boundary torus by T . T
is incompressible in cl (M −X). If T has neither a K-compressing disk nor a meridionally
compressing disk in (X,K), then K is a satellite knot. This is the conclusion (3).
Hence we can assume that T has a K-compressing or meridionally compressing disk D
in (X,K). We can take D so that ∂D intersects each component of ∂A transversely in a
single point. We prove the next claim in the last three paragraphs in this proof. Recall
that γi = ∂Ci ∩ A is an arc for i = 1 and 2, and γ1 ∪ γ2 forms a 1-bridge diagram of K in
A.
Claim. K is the trivial knot, or we can retake D, C1 and C2 so that D intersects A
transversely in a single arc δ such that (A) δ is disjoint from γ1 ∪ γ2 or (B) δ intersects
γ1 ∪ γ2 transversely in a single point.
In Case (A) of Claim, K has a 1-bridge diagram on the disk A − δ, and hence is the
trivial knot, which is the conclusion (1). In Case (B) of Claim, we can assume, without loss
of generality, that δ intersects γ1 in a single point. Then we can move C2 by isotopy near
γ2 ⊂ A − ℓ so that γ2 intersects γ1 precisely at its endpoints ∂γ2 = K ∩ A. This implies
that K is a torus knot, and we obtain the conclusion (2).
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Now, we prove the claim. Let Xi be the half solid torus X ∩ Vi for i = 1 and 2. We can
take D so that D intersects X1 in a meridian disk D1 with D1∩A = ∂D1∩A = δ an arc and
possibly peripheral disks Qi satisfying the following conditions: (i) ∂Qi is in A; and (ii) Qi
cuts a ball containing t1 from X1. Moreover, we take D so that the number n1 of peripheral
disk components of D ∩ X1 is minimal. Then the surface D ∩ X2 is t2-incompressible in
(X2, t2). D1 intersects t1 transversely in at most one point. When D ∩X1 does not have a
peripheral disk, Di = D ∩ Xi is a disk for i = 1 and 2 such that D1 ∩ D2 = δ. As in the
next paragraph, we can take Ci so that it is disjoint from Di if Di is disjoint from ti, and
intersects Di in a single arc connecting ti and A if Di intersects ti in a single point. Then
Claim follows. Note that D ∩X1 has no peripheral disk components if D1 does intersect t1
in a single point.
Figure 6.
By a standard innermost circle argument, we can take Ci so that it intersects Di only in
arcs. Note that Di contains an intersection arc, say ρ, connecting the point Di ∩ ti and the
arc ∂Di∩A when Di intersects ti in a single point. By a standard outermost arc argument,
we can retake Ci so that it is disjoint from Di if Di ∩ ti = ∅, and it intersects Di in ρ and a
parallel family of arcs separating ρ and the arc ∂Di∩∂Xi if Di intersects ti in a single point.
In the former case, we are done. In the latter case, if the family of arcs is empty, then we
have obtained the desired situation. Hence we can assume that the family is non-empty.
Let E be an outermost disk cut off from Ci by an outermost intersection arc, say η, of
Ci ∩ Di. We can take E so that it is disjoint from ti. η divides Di into two disks, one of
which, say P , is disjoint from ρ. Then the disk F = E∪P is a meridian disk of Xi with ∂F
intersecting the annulus ∂Xi ∩ ∂X in a single essential arc. We isotope F slightly off of Di
and E. Note that F is disjoint from ti. A standard outermost arc argument on F allows
us to deform Ci to be disjoint from F . Let R be the closure of a component of Ci−Di ∩Ci
with ti ⊂ R. We discard the other components. Let λ be an arc of (∂R) ∩Di which is the
outermost on Di among the arcs (∂R) ∩ Di. We can choose λ so that its outermost disk,
say Z, is disjoint from ρ. See Figure 6. Let Y be one of the disks obtained by cutting the
annulus ∂Xi ∩ ∂X along the arcs ∂Di ∩ ∂Xi and ∂F ∩ ∂Xi. We add the disk Z ∪ Y ∪ F to
R, and call the resulting disk R again. If we choose Y adequately, then we can isotope R
near the disk Z ∪ Y ∪ F off of Z ∪ Y ∪ F so that the number of arcs R ∩Di is decreased.
Repeating operations as above, we obtain a canceling disk Ci of ti which intersects Di only
in the arc ρ. This completes the proof of Claim in the case where D∩X1 has no peripheral
components.
Thus we can assume that D1 is disjoint from t1 and D ∩X1 has one or more peripheral
disk components, say Q1, Q2, . . . , Qm, where Q1 is the innermost one. Let Q
′
1
be the disk
in A bounded by ∂Q1. We take C2 so that it intersects the t2-incompressible surface
D ∩X2 transversely in arcs and zero loops. Let n2 denote the number of intersection arcs
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Figure 7.
of C2∩ (D∩X2). We retake D and C2 so that the pair (n1, n2) is minimal lexicographically.
If n2 = 0, then K has a 1-bridge diagram in Q
′
1
, and hence is the trivial knot. Hence we
can assume n2 > 0. Let e be one of the outermost intersection arcs in C2. We isotope D
near e along the outermost disk. If e has an endpoint in t2, then Q1 is deformed into a
peripheral disk intersecting t1 transversely in a single point, we can isotope it into X2 to
reduce the number of peripheral disks of D ∩ X1 (Figure 7 (1)). This is a contradiction.
Hence we can assume that e has both endpoints in A. Then, after the isotopy, a band is
attached to the surfaces D ∩X1. If the band connects D1 and Qm, then they are deformed
into a meridian disk of X1, and the number of peripheral disks is reduced. If the band
connects two peripheral disks, then they are deformed into a single peripheral disk, which
can be isotoped out of X1 into X2 without intersecting K. This operation reduces the
number of peripheral disks. If the band is attached to Q1, then it is deformed into an
annulus which has a meridionally compressing disk G in (X1, t1). Then D is a meridionally
compressing disk of T rather than a K-compressing disk of T . Doing surgery D along the
meridionally compressing disk G, we obtain a new meridionally compressing disk of T and
a 2-sphere intersecting K in two points. We discard this 2-sphere. Then Q1 is deformed
into a peripheral disk intersecting t1 in a single point. We can isotope it into X2 to decrease
the number of peripheral disks. Thus we can assume that the band is attached to D1.
Then it is deformed into an annulus one of whose boundary loop is parallel to ∂Qm in A.
See Figure 7 (2). Hence the annulus has a t1-compressing disk in X1. We do surgery on
D along the t1-compressing disk. Then the annulus is deformed into a disjoint union of a
peripheral disk and a disk isotopic to D1, and D is deformed into a disk and a 2-sphere.
We discard this 2-sphere, which contains the new peripheral disk. This operation does not
change the number of peripheral disks, but decreases the number of intersection arcs of C2
and D ∩X2, which is a contradiction. 
Since the trivial knot is either a core knot or split knot, we have the next proposition by
Proposition 4.6 and Lemma 4.8.
Proposition 4.9. Suppose (M,K) has a (1, 1)-splitting H1 and (2, 0)-splitting H2. Further,
we suppose that H1 admits a satellite diagram. Then one of the following holds:
(1) the (2, 0)-splitting H2 is K-reducible;
(2) the knot K is the torus knot;
(3) the knot K is a satellite knot;
(4) the (1, 1)-splitting H1 admits a satellite diagram of a longitudinal slope.
Further, we will use the next proposition by T. Kobayashi.
Proposition 4.10 (Proposition 3.4 in [16]). Let M be a closed orientable 3-manifold, and
L a link in M . Assume that M has a 2-fold branched cover with branch set L. Let Hi be
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gi-genus ni-bridge splitting of (M,L) for i = 1 and i = 2, and W a genus g2 handlebody
bounded by H2 in M . Suppose that H1 is contained in the interior of W , and that there is
an L-compressing or meridionally compressing disk D of H2 in (W,L∩W ) with D∩H1 = ∅.
Then either (i) M = S3 and L = ∅ or L is the trivial knot, or (ii) the splitting H2 is weakly
L-reducible.
5. General case
Recall that M is the 3-sphere or a lens space ( 6= S2 × S1) and K is a knot in M . Let
H1 be a torus giving a 1-genus 1-bridge splitting (M,K) = (V1, t1) ∪H1 (V2, t2), and H2 a
genus 2 surface giving a (2, 0)-splitting (M,K) = (W1, K)∪H2 (W2, ∅). We assume that H1
and H2 intersect transversely in non-empty collection of finitely many loops each of which
is K-essential both in H1 and in H2. If a loop l of H1 ∩ H2 is inessential in H1 (ignoring
the intersection points K ∩H1), then by the definition of K-essentiality l bounds a disk D
in H1 such that D intersects K in two points. The torus H1 contains zero or even number
of essential loops of H1 ∩H2 since H2 is separating in M .
We consider in this section the “general case” where H1 ∩H2 contains a parallel family
of three loops in H2. If H1∩H2 consists of seven or more loops, then H1∩H2 contains such
a family because the surface H2 of genus two contains at most three essential loops which
are pairwise non-parallel and disjoint.
We can apply precisely the same argument as in Section 4 in [11] to this case. There two
1-genus 1-bridge splittings H1 and H2 of (M,K) are considered, and H1 ∩ H2 contains a
family of three loops on H2 −K. Then we obtain the next proposition which is similar to
Proposition 4.1 in [11] via Proposition 4.9. We omit the proof.
Proposition 5.1. Suppose that the intersection H1 ∩H2 contains a parallel family of three
loops in H2. then at least one of the conditions (a) ∼ (e) of Theorem 1.3 holds.
We will consider in the following sections the case where H1 ∩H2 does not contain such
a parallel family of three loops, and H1 ∩H2 is composed of six or less number of loops.
6. When |H1 ∩H2| = 3
We consider in this section the case where H1 and H2 intersect each other in three loops
each of which is K-essential both in H1 and in H2.
In H1, the intersection loops H1 ∩ H2 consists of either (I) two parallel essential loops
and a single inessential loop or (II) three parallel inessential loops. In both cases, every
inessential loop is K-essential in H1, and bounds a disk intersecting K in two points. By
Proposition 5.1 we may assume that in H2, the intersection H1 ∩H2 consists of either (A)
three non-separating loops no pair of which is parallel, or (B) an essential separating loop
and two parallel essential non-separating loops. In Case (A), the three intersection loops
divide H2 into two disks with two holes. In Case (B), they divide H2 into an annulus, a
disk with two holes and a torus with one hole. See Figure 8.
In order to prove Theorem 1.3 (2), we prepare the next lemma.
Lemma 6.1. If, for i = 1 or 2, the intersection H2 ∩ Vi contains a component P that is a
disk with two holes, then either (i) we can isotope H2 in (M,K) so that H1 and H2 intersect
each other in smaller number of loops each of which is K-essential both in H1 and in H2,
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Figure 8.
or (ii) P is ti-compressible or meridionally compressible in (Vi, ti). Hence we can assume
that P satisfies (ii) to prove Theorem 1.3 (2).
Proof. H2 ∩ Vi consists of the single component P in both cases (A) and (B). By Lemma
2.6, either (i)′ P has a ti-∂-compressing disk D in (Vi, ti) such that the arc ∂D∩P connects
two distinct components of ∂P and that the boundary loops of the annulus obtained by
t1-∂-compressing along D are K-essential in H1, or (ii)
′ P is ti-compressible or meridionally
compressible in (Vi, ti). The latter case (ii)
′ is precisely the conclusion (ii) of this lemma. In
the former case (i)′, we obtain the conclusion (i) by isotoping H2 along D. Note that after
this isotopy the intersection loops H1∩H2 are K-essential in H1. The intersection H2∩Vi is
deformed into an annulus, and a band is attached to H2 ∩ Vj , where {i, j} = {1, 2}. Hence
the intersection loops H1 ∩H2 are also K-essential in H2 after this isotopy. 
Proof of Theorem 1.3 (2).
Case A. Let Pi be the disk with two holes H2 ∩ Vi for i = 1 and 2. By Lemma 6.1, we
may assume that Pi is ti-compressible or meridionally compressible in (Vi, ti) for i = 1 and
2. We perform ti-compression or meridionally compression on Pi for i = 1 and 2, to obtain
a ti-compressing or meridionally compressing disk of H1 on both sides of H1. This shows
that H1 is weakly K-reducible since these disks are bounded by the loops of H1 ∩H2.
Case B.We obtain from H2 an annulus A, a disk with two holes P and a torus with one
hole H ′
2
by cutting along the three loops H1∩H2. We may assume without loss of generality
that P is in V1. Then A and H
′
2
are in V2. By Lemma 6.1, we can assume that P is t1-
compressible or meridionally compressible in (V1, t1), and compressing operation on a copy
of P yields a disk D1 which is bounded by a loop of ∂P = H1∩H2 and intersects the arc t1
transversely in at most one point. By Lemma 2.4, A is t2-compressible or t2-∂-compressible
in (V2, t2).
In the former case, we perform a t2-compressing operation on A, to obtain a disk D2
which is bounded by a loop of H1 ∩H2 and is disjoint from the arc t2. Then the disks D1
and D2 show that H1 is weakly K-reducible. This is the conclusion (b) of this theorem.
Thus we may assume that A has a t2-∂-compressing disk D in (V2, t2).
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First, we consider Case (I). Precisely one of the three loops H1 ∩ H2 is inessential in
H1. If one component of ∂A is inessential in H1, then the annulus A is t2-compressible
by Lemma 2.5. Then, by compressing P and A, we can again see that H1 is weakly K-
reducible. Therefore, we may suppose that every component of ∂A is essential in H1. Let
A′, P ′ and Q be the annulus, the disk with two holes and the disk obtained by cutting H1
along H1 ∩H2. Q intersects K in two points. If A is parallel to to A
′ in (V2, t2), then we
have the conclusion (a). Suppose not. By t2-∂-compressing A along D, we obtain a disk
G such that G is disjoint from t2, ∂G ∩ ∂A = ∅ and ∂G is inessential in H1. Since A is
not ∂-parallel, ∂G is t2-essential in H1, and hence ∂G ⊂ H1 − A
′. If ∂D1 is essential in
H1, then G and D1 show H1 is weakly K-reducible. This is the conclusion (b). We may
assume that ∂D1 is inessential in H1. Then ∂D1 = ∂Q and D1 is parallel to Q ignoring t1.
Since Q intersects K in two points, D1 is disjoint from t1. Thus D1 and G are disjoint from
∂A, and show that H1 has a satellite diagram. By Proposition 4.9, we have the conclusion
(c) ∼ (f).
We consider Case (II). The three loops H1 ∩ H2 are inessential in H1, and parallel in
H1 −K. Recall that D is a t2-∂-compressing disk of A in (V2, t2). Since the arc ∂D ∩H1
connects distinct components of ∂A, it is in an annulus component, say A′′, of H1 − ∂A.
Note that A′′ is disjoint from the two endpoints ∂t2. Hence the annulus A is t2-parallel
to A′′ in (V2, t2). If intA
′′ does not contain the boundary loop ∂H ′
2
, then we can isotope
H2 along the parallelism between A and A
′′, to reduce the number of intersection loops
H1 ∩ H2. We obtain the conclusion (a) of this theorem. If intA
′′ contains the boundary
loop ∂H ′
2
, then the solid torus of parallelism between A and A′′ entirely contains the torus
with one hole H ′
2
whose boundary loop is not null-homotopic in the solid torus. Thus we
obtain a contradiction.
This completes the proof of Theorem 1.3 (2). 
7. |H1 ∩H2| = 4(A), 5 or 6
We consider in this section the cases |H1 ∩ H2| = 5, 6 and the subcase (A) of the case
|H1∩H2| = 4 as below simultaneously. See Figures 9, 10 and 11. In these cases, the closures
of the components of H2 − (H1 ∩H2) contains an annulus and a disk with two holes P . In
the other subcase (B) of the case |H1 ∩H2| = 4, the four intersection loops consists of two
parallel pairs of loops and each loop is non-separating in H2. Recall that, after Proposition
5.1, we are under the assumption that H1 ∩H2 does not contain a parallel family of three
loops in H2.
Our goal in this section is the next proposition.
Proposition 7.1. Under the above condition, the conclusion (a) or (b) of Theorem 1.3
holds.
To prove this proposition, we need the next lemma. We may assume without loss of
generality that the disk with two holes P is contained in the solid torus V1 bounded by H1.
Lemma 7.2. One of the following occurs:
(1) a loop of H1 ∩ H2 bounds in (V1, t1) a t1-compressing disk or a meridionally com-
pressing disk (the interior of which may intersect H2); or
(2) the conclusion (a) of Theorem 1.3 holds.
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Figure 9.
Figure 10.
Proof. P satisfies the conclusion (1) or (2) of Lemma 2.6 in (V1, t1). In the former case,
we obtain the conclusion (1) of this lemma. In the latter case, let D and P ′ be the disk
and the annulus in the conclusion (2) of Lemma 2.6. Let α = ∂D ∩ P and β = ∂D ∩ ∂V1.
Let F be one of the surfaces obtained by cutting H1 along the boundary loops ∂P such
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Figure 11.
that F contains the arc β. Since α connects two distinct components of ∂P , F has at
least two boundary components. After ∂-compression along D, the boundary loops ∂P ′ are
t-essential, hence F is either a disk with two holes disjoint from t1, or an annulus which
contains the two endpoints ∂t1. Figure 12 indicates typical examples. If F is an annulus
containing the two endpoints ∂t1, then each component of ∂P is essential in H1. Hence
a boundary component of the annulus P ′ is essential, and the other boundary component
of P ′ is inessential in ∂V1. Lemma 2.5 shows that P
′ is t1-compressible. Then P is also
t1-compressible in (V1, t1) before the ∂-compression along D. This is the conclusion (1).
Figure 12.
Hence we may assume that F is a disk with two holes. Note that H2 may intersect intF .
By an adequate isotopy of D near β, we can move D so that β intersects each component
of H1 ∩H2 in at most one point. Note that each component of H2 ∩ V1 is a torus with one
hole, a disk with two holes or an annulus. Therefore, if H2∩V1 is t1-compressible in (V1, t1),
then we obtain the conclusion (1). We may suppose that H2 ∩ V1 is t1-incompressible in
(V1, t1). Then, by a standard cut and paste argument, we can retake the t1-∂-compressing
disk D of P so that each component of D∩ (H2∩V1) is an arc. Let D
′ denote an outermost
disk which is cut off from D by an outermost arc of D ∩ (H2 ∩ V1). Set β
′ = ∂D′ ∩ ∂V1.
The arc β ′ connects distinct loops of H1 ∩H2 since β
′ ⊂ β. Hence D′ is not incident to a
torus with one hole component of H2 ∩ V1.
Assume first that int β ′ is contained in a disk with two holes component of F −H2. If D
′
is incident to an annulus component of H2 ∩ V1, we can obtain a disk D
′′ by ∂-compression
along D′ such that D′′ is disjoint from t1. Note that ∂D
′′ is parallel to a loop of H1 ∩H2 in
H1− ∂t1. Thus we obtain the conclusion (1). If not, D
′ is incident to a disk with two holes
component of H2 ∩ V1. By isotoping H2 along the disk D
′, we can decrease the number of
intersection curves H1 ∩H2 by one. Thus we have the conclusion (2).
20 HIROSHI GODA AND CHUICHIRO HAYASHI
Assume that int β ′ is contained in an annulus component A of F −H2. Note that A is
disjoint from the endpoints ∂t1 since A ⊂ F . If D
′ is incident to an annulus component of
H2 ∩ V1, then the annulus can be moved into V2 by an isotopy. Thus we can cancel two
intersection loops of H1 ∩ H2, and obtain the conclusion (2). If D
′ is incident to a disk
with two holes component J of H2 ∩ V1, then we obtain a t1-compressing disk of J by a
‘∂-compression’ on a copy of A along D′. This contradicts the assumption that H2 ∩ V1 is
t1-incompressible in (V1, t1).
This completes the proof of Lemma 7.2. 
Proof of Proposition 7.1. If the conclusion (2) of Lemma 7.2 occurs, then we are done.
Suppose that the conclusion (1) of Lemma 7.2 occurs. That is, a loop of H1 ∩H2 bounds
a disk E in (V1, t1) such that E intersects t1 transversely in at most one point.
If H2∩V2 also contains a disk with two holes component (this is possible only in the case
of |H1 ∩H2| = 5), then by the same argument as in the proof of Lemma 7.2, we obtain the
conclusion that a loop of H1 ∩ H2 bounds a disk E
′ in (V2, t2) such that E
′ intersects t2
transversely in at most one point. The disks E and E ′ show that H1 is weakly K-reducible.
This is the conclusion (1) of this proposition.
If not, H2 ∩ V2 consists of two annuli (in Subcase (A) in the case of |H1 ∩ H2| = 4) or
three annuli (in the case of |H1 ∩ H2| = 6). By Lemma 2.4, H2 ∩ V2 is t2-compressible or
t2-∂-compressible in (V2, t2). In the former case, by compressing H2∩V2 we obtain a disk C
which is disjoint from t2 and bounded by a loop of H1∩H2. Hence the disks E and C show
that H1 is weakly K-reducible again. This is the conclusion (1). We consider the latter
case. Let A be the annulus to which a t2-∂-compressing disk of H2∩V2 is incident. We can
obtain a disk C ′ from A by t2-∂-compression. If C
′ is parallel to a subdisk of ∂V2 in V2− t2,
then A is also parallel to a subsurface of ∂V2 in V2 − t2, and the parallelism intersects H2
only in A. We can isotope H2 along this parallelism to cancel the two intersection loops ∂A,
and obtain the conclusion (2). Hence we can assume that C ′ is a K-compressing disk of H1
in (V2, t2). We can isotope C
′ slightly so that ∂C ′ ∩ (H1 ∩H2) = ∅ since C
′ is obtained by
∂-compression on H2 ∩ V2. Hence the disks E and C
′ show that H1 is weakly K-reducible.
This is the conclusion (1). 
8. |H1 ∩H2| = 4, Case (B)
We consider in this section Subcase (B) of the case |H1 ∩H2| = 4. See Figure 9. In this
case, H2 − (H1 ∩H2) consists of a disk with three holes S and two annuli A1 and A2.
Proposition 8.1. Under the above condition, the conclusion (a), (b) or (c) of Theorem 1.3
holds.
To prove this proposition, we need some lemmas.
We can assume without loss of generality that the disk with three holes S is in V1, and
the annuli A1 and A2 are in V2.
We have four cases as illustrated in Figure 9. In either case, H1 intersects W2 in two
annulus components F1 and F2 since K is contained in W1.
Lemma 8.2. Suppose that a component δ of ∂S bounds a disk Q1 in V1 such that Q1
intersects the trivial arc t1 in zero or one point. (The interior of the disk Q1 may intersect
S in a union of finitely many loops.) Then at least one of the two conditions below holds.
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(1) The conclusion (b) of Theorem 1.3 holds.
(2) The conclusion (a) of Theorem 1.3 holds. Moreover, we can decrease the number of
loops of H1 ∩H2 by two.
Proof. By Lemma 2.4, the union of annuli A1 ∪ A2 is t2-compressible or t2-∂-compressible
in (V2, t2). If A1 ∪A2 is t2-compressible, then a component of H1 ∩H2 bounds a disk Q2 in
V2 such that Q2 does not intersect t2. Then the disks Q1 and Q2 together show that H1 is
weakly K-reducible.
Suppose that A1 ∪ A2 is t2-incompressible and t2-∂-compressible in (V2, t2). If A1 or A2
is parallel to a subsurface of ∂V2 in V2 − t2, then we can cancel two intersection loops of
H1 ∩H2. This is the conclusion (2). Otherwise, we obtain a t2-compressing disk Q
′
2
of H1
in (V2, t2) with ∂Q
′
2
∩ ∂S = ∅ by t2-∂-compression on A1 or A2. Then Q1 and Q
′
2
show that
H1 is weakly K-reducible. 
Lemma 8.3. Suppose that A1 ∪ A2 is t2-∂-compressible in (V2, t2). Then at least one of
the conditions below holds.
(1) The conclusion (c) of Theorem 1.3 holds.
(2) The conclusion (a) of Theorem 1.3 holds. Moreover, we can decrease the number of
loops of H1 ∩H2 by two.
Proof. LetD be a t2-∂-compressing disk of A1∪A2. We can assume without loss of generality
that D is incident to A1. Suppose first that D is contained in W2. Then D is incident to
one of the annuli H1 ∩W2 = F1 ∪ F2, say F1, then F1 is parallel to A1 in W2. Hence we
have the conclusion (2).
Hence we can assume that D is contained in W1. Let R be the component of H1 ∩W1
such that R contains the arc D∩H1. Since this arc connects distinct components of ∂A1, R
has two or more boundary loops. Therefore, R is either an annulus or disk with two holes
rather than a disk or a torus with one hole.
If R is an annulus disjoint from K, then this annulus R is parallel to A1 in W1 and the
parallelism is disjoint from K, and we obtain the conclusion (2).
If R is an annulus which intersects K in a single point, then the torus A1 ∪ R intersects
K transversely in a single point, and hence it forms a non-separating torus when pushed
slightly into the interior of the handlebody W1. This is a contradiction.
We consider the case where R is an annulus which intersectsK in precisely two points. We
call the annulus R1 (Case (3) in Figure 9). Then H1∩H2 does not contain an inessential loop
in H1 (ignoring K ∩H1), and the other component of H1∩W1 is an annulus, say R2, which
is disjoint from K. Since the torus H1 is connected, each of the annuli H1 ∩W2 = F1 ∪ F2
connects a component of ∂R1 and a component of ∂R2, and hence a component of ∂A1
and a component of ∂A2. The union of annuli F1 ∪ F2 is compressible or ∂-compressible
in W2 because an incompressible and ∂-incompressible surface properly embedded in a
handlebody is a disk. We suppose first that it is compressible. Compressing F1 ∪ F2, we
obtain two disks in W2, one of which is bounded by a component of ∂A1, and the other by
a component of ∂A2. The annulus R2 is K-compressible or K-∂-compressible in (W1, K)
by Lemma 3.1. In the former case, K-compressing R2, we obtain a disk which is disjoint
from K and is bounded by a component of ∂A2. Then H2 is weakly K-reducible. This
is the conclusion (1). Hence we can assume that R2 is K-∂-compressible in (W1, K). If a
K-∂-compressing disk of R2 is incident to A2, then R2 is parallel to A2 in W1, and we have
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the conclusion (2). When a K-∂-compressing disk of R2 is incident to S∪A1, by performing
a K-∂-compressing operation on R2, we obtain a K-compressing disk of H2. An adequate
small isotopy moves this disk to be disjoint from ∂A2. Hence H2 is weakly K-reducible.
This is the conclusion (1). Thus, we can assume that F1 ∪ F2 is ∂-compressible in W2. Let
D2 be a ∂-compressing disk. We can assume without loss of generality that D2 is incident
to F1. Since F1 connects a component of ∂A1 and a component of ∂A2, the arc ∂D2∩H2 is
contained in the disk with three holes S. The t2-∂-compressing disk D of A1∪A2 intersects
A1 in a subarc of ∂D, and this arc is essential in A1 by Definition 2.3. We take the disks D2
and D so that they are disjoint from each other. First, we isotope H1 along D. Then A1 is
deformed into a disk A′
1
and the disk with three holes S is deformed into a torus with three
holes S ′. The annuli F1 ∪ F2 are connected by a band and are deformed into a disk with
two holes P . The annulus R1 is deformed into a disk R
′ which intersects K in precisely two
points. The disk D2 now forms a ∂-compressing disk of P . The arc ∂D2 ∩H2 connects the
loop ∂A′
1
and a component of ∂A2. Then we isotope H1 along D2. The disk A
′
1
and the
annulus A2 are connected by a band and deformed into an annulus. The torus with three
holes S ′ is deformed into a torus with two holes. The disk with two holes P is deformed
into an annulus. The disk R′ and the annulus R2 are connected by a band, and deformed
into an annulus which intersects K transversely in two points. Thus we have isotoped H1
and H2 so that they intersects in two loops which are K-essential both in H1 and in H2.
This is the conclusion (2).
If R is a disk with two holes, then, by performing a K-∂-compressing operation on R
along the disk D, we obtain an annulus F . Note that F is disjoint fromK, and a component
of ∂F is an inessential loop ℓ in A1 and the other component of ∂F is a component of ∂A2.
By gluing F and a disk on A1 along ℓ, we can obtain a disk F
′ which is bounded by a
component of ∂A2. This disk F
′ is disjoint from K. The union of annuli H1∩W2 = F1∪F2
is compressible or ∂-compressible inW2. When it is compressible, we obtain a disk bounded
by a loop of ∂A2 ⊂ H1∩H2 by compressing F1∪F2. This disk shows together with F
′ that
H2 is (weakly) K-reducible. This is the conclusion (1) of this lemma. Hence we can assume
that F1 ∪ F2 is ∂-compressible in W2. If a ∂-compressing disk of F1 ∪ F2 is incident to one
of the annuli A1 and A2, say A1, then F1 or F2 is parallel to A1 in W2. Thus we obtain the
conclusion (2). Hence we can assume that a ∂-compressing disk of F1 ∪ F2 is incident to
the disk with three holes S. Then we obtain a compressing disk of S in W2 by performing
a ∂-compressing operation on F1 ∪ F2. This disk shows together with the disk F
′ that H2
is weakly K-reducible. This is the conclusion (1) of this lemma. 
Lemma 8.4. Suppose that S has a t1-compressing disk D in (V1, t1). If D is contained in
the handlebody W1, then at least one of the two conditions below holds.
(1) The conclusion (c) of Theorem 1.3 holds.
(2) The conclusion (a) of Theorem 1.3 holds. Moreover, we can decrease the number of
loops of H1 ∩H2 by two
Proof. The union of annuli H1 ∩ W2 = F1 ∪ F2 is compressible or ∂-compressible in W2.
If F1 ∪ F2 is compressible in W2, by compressing F1 ∪ F2 we obtain an essential disk E in
W2 such that ∂E ⊂ H1 ∩ H2. Since D ⊂ W1, the disks D and E show that H2 is weakly
K-reducible. This is the conclusion (1).
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Hence we may assume that F1∪F2 is ∂-compressible inW2, and let D2 be a ∂-compressing
disk of F1 ∪ F2. If the arc ∂D2 ∩ H2 is contained in one of the annuli A1 and A2, say A1,
then F1 or F2 is parallel to A1 in W2, we have the conclusion (2).
Suppose that the arc ∂D2∩H2 is contained in S. By ∂-compression along D2, we obtain
from F1 or F2 an essential disk D
′
2
in W2. Note that ∂D
′
2
⊂ S. (The boundary loop ∂D
may intersect ∂D′
2
.) The union of annuli A1 ∪A2 is t2-compressible or t2-∂-compressible in
(V2, t2) by Lemma 2.4. When it is t2-∂-compressible, we obtain the desired conclusion by
Lemma 8.3. Hence we may assume that A1 ∪ A2 has a t2-compressing disk G in (V2, t2).
Since the interior of G is disjoint from H2, it is entirely contained in W1 or W2. If G is in
W1, then G and D
′
2
assure that H2 is weakly K-reducible. If G is in W2, then G and D
assure that H2 is weakly K-reducible. In both cases, we obtain the conclusion (1). 
Lemma 8.5. Suppose that S has a t1-compressing disk D in (V1, t1). If D is contained in
the handlebody W2, then at least one of the two conditions below holds.
(1) The conclusion (c) of Theorem 1.3 holds.
(2) The conclusion (a) of Theorem 1.3 holds.
Proof. By Lemma 2.4, A1 ∪ A2 is t2-compressible or t2-∂-compressible in (V2, t2). In the
latter case, we are done in Lemma 8.3. Hence we may assume that A1∪A2 is t2-compressible.
Let D1 be a t2-compressing disk of A1∪A2. If D1 is inW1, then this disk D1 shows together
with D that H2 is weakly K-reducible. Thus we obtain the conclusion (1).
Hence we may assume that D1 is in W2. Here we have four cases (see Figure 9) on
H1 ∩W1: (1) H1 ∩W1 consists of a disk Q which intersects K in two points, an annulus R
which is disjoint from K and a torus with one hole which is disjoint from K; (2) H1 ∩W1
consists of a disk Q which intersects K in two points and a disk with two holes R which is
disjoint from K; (3) H1 ∩W1 consists of an annulus R1 which intersects K in two points
and an annulus R2 which is disjoint from K; and (4) H1 ∩W1 consists of two annuli R1, R2
each of which intersects K in one point.
Case (1) or (4). Set J = Q ∪ R (Case (1)) or R1 ∪ R2 (Case (4)). By Lemma 3.1,
J is K-compressible or K-∂-compressible in (W1, K). If J is K-compressible, then, by
compressing J , we obtain a disk D2 such that D2 ∩K = ∅ and that ∂D2 is a component of
H1∩H2. The disks D2 and D assure that H2 is weakly K-reducible. This is the conclusion
(1) of this lemma.
Suppose that J is K-∂-compressible in (W1, K), and let D3 be a K-∂-compressing disk
of J . Let J0 be the component of J to which the K-∂-compressing disk D3 is incident. If
the arc ∂D3 ∩H2 is contained in A1 ∪A2, then the disk D3 is also a t2-∂-compressing disk
of A1 ∪ A2 in (V2, t2), and we are done in Lemma 8.3. Hence we may assume that the arc
∂D3∩H2 is contained in S. (The arc ∂D3∩H2 may intersect a loop of H1∩H2 in its interior
in case (1). However, we can isotope it so that ∂D3 ∩H2 is contained in S, since ∂D3 ∩H2
connects the same side of Q if D3 intersects Q.) By K-∂-compression on J0 along D3 and
an adequate small isotopy, we obtain an essential disk D′
3
in W1 such that ∂D
′
3
∩ D1 = ∅
and that D′
3
intersects K transversely in at most one point. The disks D1 and D
′
3
show
that H2 is weakly K-reducible. Thus we obtain the conclusion (1).
Case (3). We may assume without loss of generality that the t2-compressing disk D1 is
incident to A1 rather than to A2. Suppose first that a component of ∂R2 is a component
of ∂A1. By Lemma 3.1, R2 is K-compressible or K-∂-compressible in (W1, K). If R2 is
K-compressible, then K-compressing on R2 yields a disk which is disjoint from K and is
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bounded by a loop of H1 ∩ H2. Hence this disk and D1 together show that H2 is weakly
K-reducible. This is the conclusion (1). Suppose that R2 is K-∂-compressible in (W1, K).
Let D4 be a K-∂-compressing disk of R2. If the arc ∂D4 ∩H2 is contained in A1, then R2
is parallel to A1 in W1, and the parallelism is disjoint from K. We obtain the conclusion
(2). If the arc D4 is not entirely contained in A1, then, by K-∂-compression on R2 along
D4, we obtain a disk which is essential in W1 and is disjoint from K. An adequate isotopy
moves this disk to be disjoint from ∂D1 which is parallel to ∂A1 in H2. This disk and the
disk D1 show that H2 is weakly K-reducible. We obtain the conclusion (1) again.
Hence we may assume that ∂R2 = ∂A2 and ∂R1 = ∂A1. Then each of the annuli
H1 ∩ W2 = F1 ∪ F2 is bounded by a component of ∂A1 and that of ∂A2. Recall that
the annulus A1 has a t2-compressing disk D1 in W2 ∩ V2. Performing the t2-compression
on a copy of A1, we obtain a disk which is contained in W2 ∩ V2 and shows that F1 is
compressible. By compressing F1, we obtain a compressing disk of A2 in W2 ∩ V2. Since
∂R2 = ∂A2 and A2 has a compressing disk in W2, we can apply similar argument as in the
previous paragraph to this case, to obtain the desired conclusion.
Case (2). By Lemma 3.1, Q ∪ R is K-compressible or K-∂-compressible in (W1, K). If
Q∪R is K-compressible, then K-compression on Q∪R yields a disk which is disjoint from
K. This disk is bounded by a loop of H1 ∩H2, and assures that H2 is weakly K-reducible
together with D. This is the conclusion (1).
So, we may assume that Q ∪R is K-∂-compressible. Let D5 be a K-∂-compressing disk
of Q ∪ R. If D5 is incident to Q, then we obtain a disk Q
′ from Q by K-∂-compression
along D5. Note that Q
′ intersects K in a single point. The disks D1 and Q
′ show that H2
is weakly K-reducible. This is the conclusion (1).
Thus we may assume that D5 is incident to R. If the arc ∂D5 ∩H2 is contained in A1 or
A2, then the disk D5 is also a t2-∂-compressing disk of A1 ∪ A2, and we obtain the desired
conclusion by Lemma 8.3. Hence we can assume that the arc ∂D5∩H2 is contained in S. If
the arc ∂D5 ∩H2 connects two distinct components of ∂R, then we can reduce the number
of intersection loops H1 ∩H2 by isotoping H1 along the disk D5, and obtain the conclusion
(2).
Therefore we may assume that the arc ∂D5 ∩H2 has its two endpoints in a single com-
ponent, say ℓ, of ∂S. The loop ℓ is a component of ∂Aj for j = 1 or 2. Set k so that
{j, k} = {1, 2}. We isotope H1 along D5. Then the disk with two holes R is deformed into
two annuli R1 and R2. For i = 1 and 2, let ℓi be a component of ∂Ri such that ℓi 6⊂ ∂R.
See Figure 13.
Figure 13.
Then the annulus Aj is deformed into a disk with three holes A
′
j and the disk with three
holes S is deformed into two planar surfaces S1 and S2, where Si contains the loop ℓi for
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i = 1 and 2. One of S1 and S2 is an annulus, and the other is a disk with two holes. We
can assume that S1 is a disk with two holes, by changing the suffix numbers of R1 and R2
if necessary. Now, H1 ∩H2 consists of five loops which are K-essential both in H1 and H2.
The union of the disk Q and the annuli R1 and R2 is K-compressible or K-∂-compressible
in (W1, K) by Lemma 3.1. In the former case, K-compressing yields a disk which is disjoint
from K. This disk is bounded by one of the five loops H1∩H2, and then its boundary loop
is contained in S. Thus this disk and D1 together show that H2 is weakly K-reducible.
We consider the latter case. Let D6 be a K-∂-compressing disk of Q ∪ R1 ∪ R2. If the
arc ∂D6 ∩ H2 is contained in the annulus Ak, then D6 forms a K-∂-compressing disk of
Q ∪ R before the boundary compression on R. Hence we obtain the desired conclusion by
Lemma 8.3. If the arc ∂D6∩H2 is contained in the annulus S2, then the disk D6 is incident
to the annulus R2. Hence R2 is parallel to S2, and we can isotope H1 so that H1 and H2
intersect each other in three loops which are K-essential both in H1 and in H2. We obtain
the conclusion (2).
Suppose that the arc ∂D6 ∩H2 is contained in S1. Then D6 is incident to Q or R1. (If
D6 were incident to R2, then it would be incident to ℓ2 which is a component of ∂S2.) We
perform K-∂-compressing on Q ∪ R1 along D6, to obtain a disk which intersects K in at
most one point. Since S1 is a disk with two holes, this disk can be isotoped to be bounded
by a loop of ∂S1. Hence this disk together with D1 shows that H2 is weakly K-reducible.
This is the conclusion (1).
Suppose that the arc ∂D6 ∩H2 is contained in the disk with two holes A
′
j . We perform
K-∂-compression on Q∪R1 ∪R2 along D6, to obtain a disk which intersects K in at most
one point. Since A′j is a disk with two holes, this disk can be isotoped to be bounded by a
loop of ∂A′j . Hence this disk together with D1 shows that H2 is weakly K-reducible. This
is the conclusion (1). 
Proof of Proposition 8.1. By Lemma 2.4, the disk with three holes S is t1-compressible or
t1-∂-compressible in (V1, t1). If S is t1-compressible in (V1, t1), then we are done by Lemmas
8.4 and 8.5. Hence we may assume that S is t1-incompressible and t1-∂-compressible, and
we have three cases (1)–(3) in Lemma 2.9.
In Case (1), we are done by Lemma 8.2. In Case (2) we obtain the conclusion of Theorem
1.3.
We consider Case (3). S is t1-incompressible and meridionally compressible in (V1, t1).
The union of annuli H1∩W2 = F1∪F2 is compressible or ∂-compressible in the handlebody
W2. If it is compressible in W2, then the compression of F1 ∪ F2 yields a disk E2 which
is bounded by a loop of ∂S = H1 ∩ H2. Since we are considering Case (3), there is a
meridionally compressing disk E1 of S, and E1 is contained in W1 because it intersects K.
Then the disks E1 and E2 show that H2 is weakly K-reducible. This is the conclusion (c)
of Theorem 1.3.
Suppose that F1 ∪ F2 is ∂-compressible in W2. Let D
′ be a ∂-compressing disk. If the
arc ∂D′ ∩ ∂W2 is in either A1 or A2, then either F1 or F2 is parallel to one of A1 and A2.
The conclusion (a) of Theorem 1.3 holds. Suppose that ∂D′ ∩ ∂W2 is in S. We obtain a
t1-compressing disk of S from F1 ∪ F2 by ∂-compression along D
′. This contradicts the
assumption.
This completes the proof of Proposition 8.1. 
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Proof of Theorem 1.3 (1). Propositions 5.1, 7.1 and 8.1 show Theorem 1.3 (1). 
9. When |H1 ∩H2| = 1
We consider in this section the case where H1 ∩H2 consists of a single K-essential loop,
say l. We will show Theorem 1.3 (3-2). We will use the condition that M has a 2-fold
branched cover with branch set K in the proofs of Lemmas 9.2 and 9.3 only when applying
Proposition 4.10.
Since H2 separates M , the loop l is inessential in H1, and separates the (1, 1)-splitting
torus H1 into a disk, say Q, and a torus with one hole, say H
′
1
. Q intersects K in two
points, and is contained in W1. The torus with one hole H
′
1
is contained in W2. Since H1
separates M , the loop l separates H2 into two tori with one hole. See Figure 14.
Figure 14.
The torus with one hole H ′
1
is compressible or ∂-compressible in the handlebody W2. By
Lemma 3.1, the disk Q is K-compressible or K-∂-compressible in (W1, K).
Lemma 9.1. If H ′
1
is compressible in W2, then the conclusion (c) of Theorem 1.3 holds.
Proof. Compressing H ′
1
, we obtain a disk, say D2 in W2 with ∂D2 = l. When Q is K-
compressible, compression on Q yields a disk D1 disjoint from K with ∂D1 = l. Then D1
and D2 show that H2 is weakly K-reducible. When Q is K-∂-compressible, ∂-compression
onQ yields a diskD′
1
intersecting K at a single point. We can isotopeD′
1
so that ∂D′
1
∩l = ∅.
Then D′
1
and D2 show that H2 is weakly K-reducible. 
Lemma 9.2. Suppose that Q is K-compressible in (W1, K), and that H
′
1
is incompressible
in W2. Then the conclusion (c), (d) or (g) of Theorem 1.3 holds.
Proof. Let D0 be a K-compressing disk of Q in (W1, K). Performing a K-compressing
operation on Q along D0, we obtain a disk Q
′ with Q′ ∩K = ∅ and ∂Q′ = l. Then Q′ is a
K-compressing disk of H2. Note that D0 and a subdisk of Q bounds a 3-ball B, and Q and
Q′ are isotopic in W1 ignoring K. Hence the torus H
′
1
∪Q′ is a Heegaard splitting surface
of M . The disk Q′ divides the handlebody W1 into two solid tori, say U1 and U2, where U1
contains K as a core (Lemma 3.3 in [7]). Let H2i be the torus with one hole H2 ∩ Ui for
i = 1 and 2.
Since H ′
1
is incompressible in W2, it has a ∂-compressing disk D.
First we consider the case where the arc ∂D ∩H2 is contained in H21. By Definition 2.3,
the arc ∂D ∩H2 is an essential arc in H21. We isotope the torus H
′
1
∪Q′ along the disk D.
By this isotopy (H ′
1
∪Q′)∩W1 and (H
′
1
∪Q′)∩W2 are deformed into annuli, say A1 and A2
respectively. The annulus A1 cuts W1 into a solid torus U
′
1
and a handlebody U ′
2
of genus
2. Note that U ′
1
contains K as a core. The annulus A2 is incompressible in W2 since H
′
1
is
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incompressible in W2. Hence A2 cuts off a solid torus U3 from W2 since l is separating on
H2 (see, for example, Section 3 in [14]). Note that U
′
1
∩U3 = ∂U
′
1
∩H2. This is an annulus,
which we will call A. If the loops of ∂A2 are meridians of U3, then A2 is compressible in
W2, which is a contradiction. If the boundary loops ∂A2 are longitudes of U3, then A2 is
parallel to the annulus A in W2, and hence H
′
1
is parallel to H21 in W2 before the isotopy of
H ′
1
∪Q′ along D. We can isotope H ′
1
onto H21 and then slightly into intW1. Then the torus
H ′
1
∪Q′ bounds a solid torus which contains K as a core. Remember that it is a Heegaard
splitting torus of M . Since the other side of this torus is also a solid torus, K is a core knot
in a lens space or the trivial knot in the 3-sphere. Hence H2 is K-reducible (Proposition
4.6). This is the conclusion (c) of Theorem 1.3. Thus we can assume that the boundary
loops ∂A2 are not meridians or longitudes of the solid torus U3. If the boundary loops ∂A1
are not longitudes of the solid torus U ′
1
, then the 3-manifold U ′
1
∪ U3 is not a solid torus,
which contradicts that it is bounded by the Heegaard splitting torus H ′
1
∪Q′ of M . Hence
the loops of ∂A1 are longitudes of U
′
1
, and the annulus A1 is parallel to the annulus A in
W1 ignoring K. Since K is a core of the solid torus U
′
1
, it is parallel into the annulus A1
in W1, and hence into the Heegaard splitting torus H
′
1
∪Q′. Hence K is the trivial knot, a
core knot or a torus knot. This implies the conclusion (c) or (d) of Theorem 1.3.
We consider the case where the arc ∂D ∩H2 is contained in the torus with one hole H22.
We may assume without loss of generality that the torus with one hole H21 is contained in
the solid torus V1 By Lemma 2.4, H21 is t1-compressible or t1-∂-compressible in (V1, t1). In
the former case, by compressing H21, we obtain a K-compressing disk of Q in V1. Since Q
has another K-compressing disk D0 in W1 ∩ V2, H1 is K-reducible. Therefore K is trivial
(Theorem B in [9]), and H2 is K-reducible (Proposition 4.6). This is the conclusion (c) of
Theorem 1.3. In the latter case, let D′ be a ∂-compressing disk of H21 in (V1, t1). If D
′ is
contained in V1 ∩W2, then it is also a ∂-compressing disk of H
′
1
by Definition 2.3. We have
considered this case in the previous paragraph. Hence we may assume that the disk D′ is
contained in V1 ∩W1. Then D
′ is a K-∂-compressing disk of the disk Q in (W1, K). We
isotope the torus H ′
1
∪ Q′ along the ∂-compressing disk D of H ′
1
(rather than along D′ ).
By this isotopy (H ′
1
∪ Q′) ∩W1 and (H
′
1
∪ Q′) ∩W2 are deformed into annuli, say R1 and
R2 respectively. Note that R2 is incompressible in W2 since H
′
1
is incompressible in W2.
The annulus R1 cuts W1 into a solid torus U
∗
2
and genus 2 handlebody U∗
1
. Note that U∗
1
contains K as a core. The annulus R2 also cuts off a solid torus U4 from W2. Note that
U∗
2
∩ U4 = ∂U
∗
2
∩ H2. This is an annulus, which we will call R. If the loops of ∂R2 are
meridians of U4, then R2 is compressible inW2, which is a contradiction. If the loops of ∂R2
are longitudes of U4, then R2 is parallel to R in W2, and hence H
′
1
is parallel to H22 in W2
before the isotopy of H ′
1
∪Q′ along D. We isotope H1 near H
′
1
so that H ′
1
is moved onto H22
and then slightly into intW1. Moreover, performing a K-∂-compressing operation on a copy
of the disk Q along the K-∂-compressing disk D′, we obtain a meridionally compressing
disk of H2 in (W1, K). We can isotope this disk slightly off of Q in (W1, K) and hence off
of H1. Then Proposition 4.10 shows that H2 is weakly K-reducible. This is the conclusion
(c) of Theorem 1.3.
Hence we may assume that the loops of ∂R2 are neither meridians nor longitudes of U4.
Thus the loops of ∂R1 are longitudes of U
∗
2
. We take a core loop c0 of R1 so that it intersects
the K-compressing disk D0 of Q in a single arc. Let c be the arc cl (c0 − D0). We take a
canceling disk C2 of the arc t2 = K ∩ B in (V2, t2) so that C2 is entirely contained in B.
We extend the arc c adding two arcs on the disk Q such that they connects endpoints of c
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and ∂t2 and that their interiors are disjoint from the arc ∂C2 ∩Q. Then the extended arc
γ forms a spine of (W1, K) and entirely contained in H1. We can isotope the arc t2 along
C2 onto the arc ∂C2 ∩Q. Thus we obtain the conclusion (g) of Theorem 1.3. 
Lemma 9.3. Suppose that Q is K-incompressible in (W1, K), and that H
′
1
is incompressible
in W2. Then either one of the two conditions below holds.
(1) The conclusion (c) of Theorem 1.3 holds.
(2) We can isotope the (1, 1)-splitting torus H1 in (M,K) so that H1 intersects W1 in
a separating essential disk which intersects K in two points and is K-compressible.
We have already studied the situation of the conclusion (2) in Lemmas 9.1 and 9.2.
Proof. Since H ′
1
is incompressible in the handlebody W2, it has a ∂-compressing disk D2 in
W2. Since Q is K-incompressible in (W1, K), it has a K-∂-compressing disk D1 in (W1, K)
by Lemma 3.1. For i = 1 and 2, let Ui be the solid torus Vi ∩W1, and H2i the torus with
one hole H2 ∩ Vi.
For i = 1 and 2,H2i is ti-compressible or ti-∂-compressible in (Vi, ti) by Lemma 2.4. In the
former case, compression on H2i yields a K-compressing disk of Q or H
′
1
. This contradicts
the assumption of this lemma. Thus H2i is ti-incompressible and ti-∂-compressible in (Vi, ti)
for i = 1 and 2.
We show that we can takeD1 andD2 so that they are separated byH1. Suppose that both
D1 and D2 are contained in V1, say. Let D
′ be a ∂-compressing disk of H22 in (V2, t2). If D
′
is contained in W1 (resp. in W2), then it is also a K-∂-compressing disk of Q (resp. H
′
1
) by
Definition 2.3. We can substitute D′ for D1 (resp. D2) so that H1 separates ∂-compressing
disks D1 and D2.
Thus we may assume, without loss of generality, that D1 ⊂ V1 and D2 ⊂ V2. Let
P = N(∂Q∪ (Q∩ ∂D1)) be a neighborhood of the union of the boundary loop ∂Q and the
arc Q ∩ ∂D1 in Q. Then P is a disk with two holes. We can isotope Q along D1 so that P
is isotoped into H2. The intersection H1 ∩ intW1 is deformed into two disks each of which
intersects K transversely in a single point. Let Q1 and Q2 denote the closures of these
disks. The boundary loops ∂Q1 and ∂Q2 are parallel on H2, and bound an annulus R1 on
H2. Let B = N(H
′
1
∩ ∂D2) be a neighborhood of the arc H
′
1
∩ ∂D2 in H
′
1
. We can isotope
H ′
1
along D2 so that the disk B is isotoped into H2 and that B ∩P = B ∩ ∂H
′
1
. Then after
this isotopy H1 intersects H2 in a 2-sphere with four holes S. The intersection H1 ∩ intW2
is deformed into an annulus, the closure of which we will call A12. The boundary loops
∂A12 are parallel on H2, and bound an annulus R2 in H2.
The annulus A12 is incompressible in W2 since H
′
1
is incompressible. Hence A12 has a
∂-compressing disk Z in W2. If the arc H2 ∩ ∂Z is contained in the annulus R2, then A12 is
parallel to R2 in W2. We isotope H1 along the parallelism between A12 and R2, so that H1
is entirely contained in W1. We can take a parallel copy of the meridionally compressing
disk Q1 of H2 in (W1, K) so that it is disjoint from H1. Then Proposition 4.10 shows that
H2 is weakly K-reducible. Hence we can assume that the ∂-compressing disk Z is contained
in W2 ∩ V1. Performing a ∂-compressing operation on a copy of A12 along Z, we obtain a
separating essential disk E in W2. We isotope this disk E slightly off of R2.
The annulus R2 is t2-compressible or t2-∂-compressible in (V2, t2) by Lemma 2.4. In the
former case, let X be a t2-compressing disk of R2. If X is contained in W1, then the disks
E and X together show that H2 is weakly K-reducible. This is the conclusion (1). If X is
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contained in W2, then the disks Q1 and X together show that H2 is weakly K-reducible.
This is the conclusion (1) again. In the latter case, let Y be a t2-∂-compressing disk of
R2. First, suppose that Y is contained in W2. Then A12 is parallel to R2 in W2. We have
considered this situation in the previous paragraph. Therefore we may assume that Y is
contained in W1 ∩ V2. We can isotope Y near its boundary loop so that the arc ∂Y ∩H1 is
entirely contained in the 2-sphere with four holes S, because (H1 ∩W1) − S is a union of
the two disks Q1 and Q2 each of which intersects K transversely in a single point. There
is an arc α on S such that α connects the two boundary loops ∂Q1 and ∂Q2 and that α is
disjoint from ∂Y . We take a regular neighborhood N(α) of α on S, and isotope the interior
of the disk Q′ = Q1∪N(α)∪Q2 slightly into intW1. We isotope the remainder part H1−Q
′
slightly into intW2, fixing Y with ∂Y ⊂ H2. Then, after this isotopy, H1 ∩W1 = Q
′ the
essential separating disk intersecting K in two points, and Q′ is disjoint from Y . The loop
∂Q′ separates H2 into two tori with one hole. One of them contains the boundary loop
∂Y , and gives a K-compressing disk of Q′ in (W1, K) when compressed along Y . Thus we
obtain the conclusion (2) of this lemma. 
Proof of Theorem 1.3 (3-2).
Lemmas 9.1, 9.2 and 9.3 together show Theorem 1.3 (3-2).
10. Examples
We observe an example which realizes the conclusion (2) in Theorem 1.1. This example
was informed us by H.J. Song. The knot is the Morimoto-Sakuma-Yokota knot of type
(5, 7, 2) [21]. Let K be a knot in Figure 15. According to SnapPea, it is hyperbolic. It is
easy to check that γ1 and γ2 are unknotting tunnels of K. We can see that γ2 is isotopic
into the (1, 1)-splitting torus as in Figure 16.
Ishihara informed us that the depth of γ2 is equal to 2, and this implies that γ2 is not
(1,1)-tunnel according to the results by Cho and McCullough [4, 5]. Ishihara used his
algorithm to compute parameters of tunnels [12].
The two endpoints ∂γ2 divide the knot K into two subarcs K
′ and K ′′ as shown in Figure
16. By sliding the arc K ′ on K ′′ ∪ γ2, we may have the other examples.
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